Twistings and Hopf Galois Extensions  by Beattie, Margaret & Torrecillas, Blas
Ž .Journal of Algebra 232, 673696 2000
doi:10.1006jabr.2000.8412, available online at http:www.idealibrary.com on
Twistings and Hopf Galois Extensions1
Margaret Beattie
Department of Mathematics and Computer Science, Mount Allison Uniersity, Sackille,
N.B. E4L 1E6, Canada
E-mail: mbeattie@mta.ca
and
Blas Torrecillas
Department of Algebra and Analysis, Uniersity of Almerıa, 04071 Almeria, Spain´
E-mail: btorreci@ualm.es
Communicated by Susan Montgomery
Received October 4, 1999
Let k be a commutative ring, let H be a k-Hopf algebra, and let A be a right
Ž .H-comodule algebra. A twisting of A is a map  : H A A such that A, ,  A
is also an H-comodule algebra, where the product  is defined by a b 
Ž .Ýa  a  b . In this note, we observe that there is a map of pointed sets from the0 1
twistings of A to the H-measurings from Aco H to A and study the set of twistings
that map to the trivial measuring. If AAco H is Galois and H is finitely generated
projective, then the twistings that map to the trivial measuring can be described as
a set of invertible twisted cocycles:  : HH A. An equivalence relation on the
set of twisted cocycles corresponds to isomorphism classes of Galois extensions.
 2000 Academic Press
INTRODUCTION
If H is a finitely generated projective cocommutative Hopf algebra over
a commutative ring k, then it is well known that the isomorphism classes
of Galois H-objects Ak with A isomorphic to H as an H-comodule
form an Abelian group via the cotensor product, and, furthermore, this
2Ž .group is isomorphic to the second Sweedler cohomology group H H, k
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    Ž .12 . In 6 the inclusion of this subgroup in Gal H, k , the group of
isomorphism classes of all Galois H-objects Ak, is shown to be the
 beginning of an exact sequence. Caenepeel 3 generalized this sequence to
the situation when H is cocommutative and faithfully flat over k but not
finitely generated.
In this paper, we consider Galois H-objects AAco H where H is finitely
generated projective over k, but we do not assume H is cocommutative,
Aco H is commutative, or A Aco H H as H-comodules. The possible
Galois structures on the H-comodule algebra A correspond to the twist-
 ings of A in the sense of 1 , and any twisting of A induces an H-measur-
ing of Aco H to A. Therefore, we may use the idea of twistings to describe
Ž .the Galois H-objects C A, ,  corresponding to the trivial measur-A
ing in terms of a set of ‘‘twisted cocycles.’’ If the image of a twisted cocycle
Ž .lies in Z A , the centre of A, then the twisted cocycle is a Sweedler
cocycle with trivial weak action and satisfying a condition on the coaction.
1. PRELIMINARIES
We work over a commutative ring k and assume that all maps are
k-linear. Throughout, H will denote a k-Hopf algebra with bijective
antipode S. The composition inverse of S is denoted S. Until the final
section, we do not assume that H is finitely generated.
Let A be a right H-comodule algebra; i.e., A is an algebra in the
H Žcategory M of right H-comodules. We denote by  or just  if theA
.context makes the meaning clear the comodule structure map from A to
AH.
Ž .For C a coalgebra and A an algebra, Hom C, A is an algebra with the
Ž .convolution product . We write Reg C, A for the convolution invertible
Ž .elements in Hom C, A .
Ž .Definition of T A , the Set of Twistings of A
Let  be a map from H A to A satisfying the normality conditions
 1 a  a,  h 1   h 1 1.1Ž . Ž . Ž . Ž .A
for all a A, hH. Then A is defined to be the H-comodule A with
Ž .possibly nonassociative multiplication  defined by
a b a  a  bŽ .Ý 0 1
Ž .for a, b A. The normality conditions 1.1 ensure that 1 is a multiplica-A
tive identity for  . Also, if M M H, then M is defined to be the A
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H-comodule M together with the map M AM defined by m a
Ž .m aÝm  m  a . We often will omit the subscript  when the 0 1
Ž .  Ž .meaning is clear. If F defined by F M M , F f  f , is a functor  
H H Ž  .from M to M then  is called a twisting map. Then A , ,  is anA A  A
H-comodule algebra and A is called a twisting of A.
There is also a left version of the twistings described above. Suppose  :
Ž . H A A satisfies 1.1 and let A denote the H-comodule A with
Ž .possibly nonassociative multiplication  defined by
a b  b  a b .Ž .Ý 1 0
Also for M M H, let M be the H-comodule M together with the mapA
Ž .from A  M M given by a  m Ý m  a m  a m. If1 0 
Ž . H H Ž . A, ,  is an H-comodule algebra and F : M  M , F M  M, A  A  A
Ž .F f  f , is a functor, then  is called a left twisting of A.
Ž . Ž .PROPOSITION 1.1. i A map  : H A A satisfying 1.1 is a twisting
if and only if for all hH, a, b A;
1 h   h  a   h  a  h a ; 1.2Ž . Ž . Ž . Ž .Ž .Ý Ý1 2 1 0 2 1
 h a b   h  a  h a  b . 1.3Ž . Ž . Ž . Ž .Ý 1 0 2 1
Ž . Ž .ii A map  : H A A satisfying 1.1 is a left twisting if and only
if for all hH, a, b A,
  h  a 1 h   h  a  a h ; 1.4Ž . Ž . Ž . Ž .Ž .Ý Ý2 1 1 0 1 2
 h a b   b h  a  h  b . 1.5Ž . Ž . Ž . Ž .Ý 1 2 1 0
 Proof. This is proved in 1, Theorem 1.1 and Proposition 2.1 .
It is straightforward to verify that for  a twisting of A, and for  a left
twisting of A,
  S a  a   S a  a  a ; 1.6Ž . Ž . Ž .Ž . Ž .Ý Ýž /A 1 0 1 0 2
  S a  a   S a  a  a . 1.7Ž . Ž . Ž .Ž . Ž .Ž .Ý ÝA 1 0 1 0 2
These equations will be useful later.
Ž . Ž .EXAMPLE 1.2. Let u h a   h a for all a A, hH. This map u
Ž . uis a twisting and a bÝa  a b ab, so that A  A. Similarly u is au 0 1
left twisting and uA A. We call u  id the identity twisting.
  Ž .In 1 , a twisting is viewed as a map from H to End A . If  : H A A
 Ž Ž .. Ž . Ž .is a twisting, we define  Hom H, End A by  h a  h a .
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Ž .  Ž Ž ..DEFINITION 1.3. Let  be a left twisting of A. If  Reg H, End A ,
Ž .then  is called an invertible left twisting.
Note that if  is an invertible twisting with  the convolution inverse to
  Ž . Ž . , then  is a twisting of A , not of A. However, 1.2 and 1.6 still hold
for .
  Ž .Recall from 1 that if  is an invertible left twisting, then the functor
H H Ž H H .F from M to M F from M to M is an isomorphism of A A  A A
categories.
Ž .For a given right H-comodule algebra A, let T A denote the set of
Ž . Ž Ž ..twistings on A and L A the set of left twistings on A. Let U T A and
Ž Ž ..U L A be the sets of invertible twistings and invertible left twistings on
A. Since H has a bijective antipode, the following lemma shows that there
Ž Ž .. Ž Ž ..is a bijection of pointed sets between U T A and U L A .
Ž Ž ..  LEMMA 1.4. For U T A , with  the conolution inerse to  ,
Ž .define l  : H A A by
 l  h a   S a h  S a a .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý 2 1 0
Ž Ž ..   Ž .For U L A , with  the conolution inerse to  , define r  :
H A A by
r  h a    S ha  S a a .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ý 2 1 0
Ž . Ž Ž .. Ž . Ž Ž .. Ž Ž .. Ž Ž ..Then l  U L A , r  U T A , r l    , and l r    .
Ž Ž ..  lŽ .Furthermore, for U T A , the H-comodule algebras A and A are
Ž . Ž .isomorphic. For u the identity twisting, r u  l u  u.
  Ž . Ž Ž ..Proof. It is shown in the proof of 1, Theorem 2.3 that l  U L A
Ž . with the convolution inverse to l  being  defined by
   h a   S a h S h  S a h a .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ý 2 3 1 1 2 0
Therefore,
r l  h aŽ . Ž .Ž .
  l  S ha  S a aŽ . Ž . Ž . Ž .Ž . Ž .Ž .Ý 2 1 0
   l  S ha  S a S a SS a  S a S a aŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ž .Ý 6 2 3 5 1 4 0
   l  S ha  S a  S a S a aŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ý 4 3 1 2 0
  l  S ha  S a aŽ . Ž . Ž . Ž .Ž . Ž .Ž .Ý 2 1 0
    S a S ha  S a  S a a by 1.6Ž . Ž . Ž . Ž . Ž .Ž .Ž . Ž . Ž .Ý 3 4 2 1 0
    ha S a a since  ,  are inverseŽ . Ž .Ž .Ý 2 1 0
   h a   h a .Ž . Ž . Ž .Ý
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  Ž Ž .. Also, in 1, Theorem 2.3 , it is shown that for U L A , with  the
 Ž .convolution inverse to  , r  is a twisting. It is straightforward to verify
Ž . that the convolution inverse to r  is given by  ,
 h a    S S h h a  S h a a .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .Ý 1 3 2 2 1 0
Then
l r  h aŽ . Ž .Ž .
  r  S a h  S a aŽ . Ž . Ž . Ž .Ž . Ž .Ý 2 1 0
   r  S a h  S S S a S a a  S S a a aŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž . Ž .Ý ž /6 5 3 2 4 1 0
  r  S a h  S a aŽ . Ž . Ž . Ž .Ž .Ž .Ž .Ý 2 1 0
    S S a h a  S a  S a aŽ . Ž . Ž . Ž .Ž . Ž .Ž .Ž .Ž .Ý 4 3 2 1 0
   S a a h a since  ,   are inverseŽ . Ž .Ž .Ý 1 2 0
  h a .Ž .
lŽ .   The isomorphism from A to A is found in 1, Theorem 2.3 and the
final statement is clear.
For more detail on twistings of H-comodule algebras, see the definitions
     and basic results in 1 . The motivating paper for 1 was 13 where H is a
group or a semigroup algebra. The literature contains many different
definitions of twisted objects; a discussion of these various concepts can be
 found in 7 .
Ž . o pŽ .Smash Products  H, A and  H, A
  Ž .In 8 , a twisting is regarded as a map from A to Hom H, A . For  :
 Ž Ž .. Ž .H A A, we define  Hom A, Hom H, A by  a   wherea
Ž . Ž .   h   h a . It will be convenient to think of a twisting as  ,  , or a
Ž .depending on the context. Besides the convolution product, Hom H, A is
an algebra via a smash product or opposite smash product.
Ž . Ž .Denote by  H, A the k-module Hom H, A with associative multipli-
cation given by
f  g h  f g h h g h 1.8Ž . Ž . Ž . Ž . Ž .Ž .Ý 2 1 21 0
Ž . opŽ .for f , g  Hom H, A , h  H. Also  H, A is the k-module
Ž .Hom H, A with associative multiplication
f  g h  f h g h f h . 1.9Ž . Ž . Ž . Ž . Ž .Ž .Ý 2 1 20 1
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Ž Ž . opŽ .We denote multiplication in both  H, A and  H, A by  ; the
. Ž .meaning will be clear from the context. The map h  h 1 is theA
opŽ . Ž .identity in both  H, A and  H, A , and A embeds as a subalgebra of
Ž . opŽ .either  H, A or  H, A by
	 : AHom H , A , 	 a h   h a. 1.10Ž . Ž . Ž . Ž . Ž .A A
 Ž . op opŽ .Also H embeds as an algebra in  H, A and H embeds in  H, A
by regarding maps from H to k as maps from H to A; i.e.,

 : Hom H , k Hom H , A , 
 h h  h h 1 . 1.11Ž . Ž . Ž . Ž . Ž . Ž .A
Ž . opŽ .Finally, e , evaluation at 1 , maps either  H, A or  H, A to A byH
e : Hom H , A  A , e f  f 1 . 1.12Ž . Ž . Ž . Ž .
 Ž  .Ž .Let  denote the usual right action of H on H , namely h  h l 
 Ž . h hl . Note that the smash product AH with multiplication
Ž  .Ž  . Ž  .  Ž .ah bl Ýab  h  b l is the subalgebra of  H, A gener-0 1
Ž . Ž  .ated by 	 A and 
 H . If H is finitely generated projective over k, then
Ž .    H, A  AH . For more detail on these maps, see 8 .
H-Galois Objects and Crossed Products
Finally, recall that AAco H is called an H-Galois object if the canonical
Ž .co Hmap can: A A AH defined by can a b Ýab  b is aA 0 1
bijection. Since H has bijective antipode, can is bijective if and only if can:
Ž .co HA A AH, defined by can a b Ýa b a , is bijective.A 0 1
Crossed products A B H are well-known examples of H-comodule
algebras with   1  and, if  is invertible, they are H-GaloisA
Žobjects. Given a weak action  of H on B i.e., an H-measuring from B to
. Ž .B and a map Hom HH, B such that for all h, k, mH, b B,
h  k  b  h , k   h , k h k  b 1.13Ž . Ž . Ž . Ž . Ž .Ý Ý1 1 2 2 1 1 2 2
and
h   k , m  h , k m   h , k  h k , m , 1.14Ž . Ž . Ž . Ž . Ž .Ý Ý1 1 1 2 2 2 1 1 2 2
then one may form the crossed product B H. We will call the map  a
ŽSweedler cocycle relative to the given weak action. The set of convolution
. 2Ž . Žinvertible Sweedler cocycles will be denoted Z H, B respectively
Ž 2Ž ..U Z H, B . Then B H is the k-module BH with associative multi-
plication given by
bh cl  b h  c  h , l h l .Ž . Ž . Ž . Ž .Ý 1 2 1 3 2
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Crossed products with  invertible are precisely the cleft extensions of
Ž  .B see 2, 5, 10 , i.e., the right H-comodule algebras A such that
Aco H  B, and there is a right H-comodule convolution invertible map 
 :
Ž . Ž . Ž . Ž . 	1Ž .H A. Here 
 h  1h. Then  h, k Ý
 h 
 k 
 h k and1 1 2 2
Ž . 	1Ž .h  bÝ
 h b
 h for all h, kH, b B. For more detail on Hopf1 2
 Galois extensions and crossed products, see 10, Chaps. 7 and 8 .
2. THE SET OF TWISTINGS OF AN H-COMODULE ALGEBRA
Now let A be a right H-comodule algebra with ring of coinvariants
co H  Ž . 4B A  a A   a  a 1 and let  be a twisting of A. Then,
 Ž  .co Hsince A A as H-comodules, A is also the k-algebra B. Let
Ž .Meas B, A denote the set of H-measurings from B to A.H
LEMMA 2.1. For A a right H-comodule algebra with twisting  , the
following is a commutatie diagram where   is an algebra map from B to the
Ž . opŽ .conolution algebra Hom H, A and from B to  H, A :

 
Ž Ž . .B Hom H , A ,


Id Id

 op Ž Ž . . H , A , B
Ž .Proof. Let a, b B and hH. Then, writing  for  a , we havea
  h   h  hŽ . Ž . Ž . Ž .Ýa b a 1 b 2
  h  a  h  bŽ . Ž .Ý 1 2
  h a b by 1.3Ž . Ž .
  h ab   h .Ž . Ž .ab
Similarly,
   h   h  h  h by 1.9Ž . Ž . Ž . Ž . Ž .Ž .Ýa b a 2 b 1 a 20 1
  h  a  h S h h  bŽ . Ž .Ž .Ý 3 1 2 4
  h  a  h  b   hŽ . Ž . Ž .Ý 1 2 ab
Ž . Ž . Ž . Ž .as above. Also  h   h 1   h 1 by 1.1 . Commutativity of the1 A
diagram is obvious.
 Ž . Ž ŽThus, for every twisting  of A,  Meas B, A Alg B, Hom H,H
..  Ž opŽ ..A , and  Alg B, H, A . If u is the identity twisting of Example
 Ž Ž ..1.2, then u is the restriction of 	 see 1.10 to B. We write 	 toA B
denote this restriction.
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Ž . Ž .For T A the set of twistings of A, let  be the map from T A to
Ž .   Ž .Meas B, A taking  to  . Then    	 if and only if  restrictedBH B
Ž .to BH is the identity twisting. We call the set of such twistings K  .
Ž .  Ž . Ž .   4  Ž .LEMMA 2.2. K    T A       	   T A B B
Ž . Ž . 4 h  End A for all hH .B
Ž .Proof. Suppose  K  so that a b ab for a A, b B. Then
Ž .by 1.3 ,
 h ab   h  a  h a  b   h a b ,Ž . Ž . Ž . Ž .Ý 1 0 2 1
Ž . Ž .  Ž .so that  h  End A for all hH. Conversely if  : H End A ,B B
Ž . Ž . Ž . Ž .then for b B,  h b   h 1 b  h b by 1.1 .
Ž .We now define some non-identity twistings in K  .
DEFINITION 2.3. We call  : HH A a twisted cocycle if, for all
g, hH, a A,
Ž . Ž . Ž . Ž .i  1, h   h, 1   h 1 ;A
Ž . Ž Ž .. Ž . Ž . Ž .ii   g, h Ý g , h  S g g h S h ;A 2 2 1 3 3 1
Ž . Ž . Ž . Ž . Ž .iii Ý g , a a  g a , h Ý g, a h a  a , h .1 1 0 2 2 2 2 0 1 1
Ž . co H Ž . Ž .Remark 2.4. i If b B A then Definition 2.3 i and iii imply
Ž . Ž . Ž .that b g, h   g, h b; i.e.,  : HH C B , the centralizer of BA
in A.
Ž . Ž .ii If H is cocommutative, then Definition 2.3 ii is equivalent to
Ž .saying that  maps HH to B, and so by the preceding remark, to Z B
the centre of B.
Ž . Ž .iii If  : HH Z A , the centre of A, and AB is H-Galois,
Ž .then Definition 2.3 iii is equivalent to
 g , t  g t , h   t , h  g , t hŽ . Ž . Ž . Ž .Ý Ý1 1 2 2 1 1 2 2
for all t, g, hH. This follows from the fact that since can is onto,
1 tÝc b  b for some c , b  A. Thus, here, twisted cocyclesk k k k k0 1
satisfy the Sweedler cocycle condition with trivial weak action.
PROPOSITION 2.5. Let A be a right H-comodule algebra with B Aco H. If
 : HH A is a twisted cocycle, then the map    ,  : H A A
Ž . Ž . Ž .defined by  h a Ý h, a a is a twisting of A. Furthermore  H 
1 0
Ž . Ž .End A and so    	 .B B
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Ž . Ž . Ž . Ž .Proof. Since  1 a Ý 1, a a  a and  h 1   h, 1 1 0
Ž . Ž . Ž . h , the normality conditions 1.1 are satisfied. To verify 1.2 , note that
  h aŽ .Ž .
   h , a aŽ .Ž .Ý 1 0
  h , a a  S h h a S a a by Definition 2.3 iiŽ . Ž . Ž . Ž .Ý 2 3 0 1 3 4 2 1
  h  a  S h h a as required.Ž . Ž .Ý 2 0 1 3 1
Ž .Also 1.3 holds because
 h a b   h , a b a  b   h , a b a  a , b bŽ . Ž . Ž . Ž .Ý Ý 1 1 0  0 2 2 0 1 1 0
while
 h  a  h a  b   h , a a  h a , b b ,Ž . Ž . Ž . Ž .Ý Ý1 0 2 1 1 1 0 2 2 1 0
Ž .and these expressions are equal to Definition 2.3 iii . The last statement is
easy to verify.
2 Ž .Let Z H, A denote the set of twisted cocycles from HH to A.tw
2 Ž . Ž . Ž .Then , the map from Z H, A to T A defined by     , mapstw 
2 Ž . Ž .Z H, A to K  .tw
DEFINITION 2.6. We call a twisted cocycle  : HH A invertible if
 Ž Ž .. Ž .Ž . Ž . Reg H, H, A , where  h g   h, g .
 Ž Ž ..Note that in general  Reg H, H, A is not equivalent to 
Ž .Reg HH, A .
Remark 2.7. Let  be a map from HH to B Aco H and define 
Ž . Žfrom H to  H, B as above. Then since for all h, gH, Hom H
.H, B ,
 h   h g   h  g  h  g ,Ž . Ž . Ž . Ž . Ž .Ý Ý1 2 1 1 2 2
Ž .  Ž Ž ..Reg HH, B if and only if  Reg H, H, B .
The map  maps invertible cocycles to invertible twistings.
2 Ž .  Ž Ž ..PROPOSITION 2.8. Let  Z H, A . If  Reg H, H, A , thentw
 Ž Ž .. Reg H, End A , so that  is an inertible twisting. 
Ž . Proof. Let : H H, A be the convolution inverse for  . Then,
Ž .for all hH, in  H, A ,
 h   h   h   h   h  .Ž . Ž . Ž . Ž . Ž .Ý Ý1 2 1 2
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 Ž . Ž .Ž . Ž .Ž . Define  : H End A by  h a Ý h a a ; we claim that  is1 0
 Ž Ž ..the convolution inverse to  in Hom H, End A , i.e., that
  h  h a   h   h a   h aŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý 1 2 1  2
for all a A.
First we check that
 h   h a   h  h , a aŽ . Ž . Ž . Ž . Ž .Ž .Ž .Ý Ý1  2 1 2 1 0
  h S h h a S a a  h , a aŽ . Ž . Ž . Ž .Ž .Ý 1 2 4 4 2 1 3 3 0
  h   h a a by 1.8Ž . Ž . Ž . Ž .Ž .Ý 1 2 1 0
  h a.Ž .
Also
  h  h a    h  h a aŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý 1 2  1 2 1 0
  h  h a a  h a aŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ý 1 2 2 1 2 2 01 0
  h   h a aŽ . Ž . Ž .Ž .Ý 1 2 1 0
  h a.Ž .
Thus we have shown that for A an H-comodule algebra with B Aco H,
Ž 2 Ž .. Ž Ž ..and with U Z H, A and U T A the sets of invertible twisted cocy-tw
cles and invertible twistings, respectively, there are sequences
 Id 2Z H , A K  T A Meas B , A ,Ž . Ž . Ž . Ž .tw H
 Id 2U Z H , A K  U T A U T A Meas B , A .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .tw H
To end this section, we give a sufficient condition for A and A to be
Ž .isomorphic, where  ,  T A .
Ž .PROPOSITION 2.9. Let  and  be twistings of A. Let  Hom H, A
such that for all hH, a A,
Ž . Ž .i  1  1 ;H A
Ž . Ž Ž .. Ž . Ž .ii   h Ý h  S h h ;A 2 1 3
Ž . Ž . Ž . Ž . Ž Ž ..iii Ý h  a  h a Ý h  h  a  a .1 0 2 1 1 2 0 1
  Ž . Ž .Then  : A  A defined by  a Ýa  a is a left B-module right0 1
Ž .H-comodule algebra map which is the identity on B. If  Reg H, A , then
 is an isomorphism.
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Proof. Clearly  is a left B-module map, is the identity on B, and by
Ž .ii , is an H-comodule map. We check that  preserves multiplication. For
a, b A,
 a b  a  b  a bŽ . Ž . Ž .Ý 0  0 1 1
 a  a  b  a bŽ . Ž .Ý 0 1 0 2 1
 a  a  a  b  b by iiiŽ . Ž . Ž .Ž .Ý 0 1 2 0 1
 a  a  b  b   a   b .Ž . Ž . Ž . Ž .Ž . Ž .Ý 0 1  0 1 
Ž . 	1Note that if  Reg H, A , then  , the convolution inverse to  , also
Ž . Ž . 	1 Ž .satisfies i and ii above and thus the map   End A defined by
	1 	1Ž . Ž . a Ýa  a is inverse to  .0 1
Ž . Ž .DEFINITION 2.10. i For  ,  T A , define   if and only if there
Ž .exists  Reg H, A satisfying the conditions in Proposition 2.9. Then 
Ž .is an equivalence relation on T A .
Ž . Ž .ii For 	 , Meas B, A , define 	  if there is  H
Ž .Reg H, A such that for all hH, b B,
	 h b   h  h b 	1 h .Ž . Ž . Ž . Ž . Ž . Ž .Ý 1 2 3
Ž .Then  is an equivalence on Meas B, A .H
Ž .LEMMA 2.11. Suppose ,  T A and   .
Ž .i If  is an inertible twisting, so is .
Ž . Ž . Ž .ii The measurings   and   are equialent.
Ž . Ž .Proof. i Let  Reg H, A satisfy the conditions of Proposition 2.9
  Ž . Ž .and let  : A  A be the algebra isomorphism  a Ýa  a . Let0 1
	1  Ž . be the convolution inverse to  and define  : H End A by
 h a  	1  	1 h 	1 h a  h a .Ž . Ž . Ž . Ž . Ž .Ž .Ý½ 51 2 0 3 1
Then for all hH, a A, we have
 h  h  a  	1  	1 h 	1 h c  h c ,Ž . Ž . Ž . Ž . Ž .Ž .  4Ž .Ý Ý1 2 1 2 0 3 1
Ž .where c  h  a so that4
c  c   h  h   a 	1 h a  S h h a .Ž . Ž . Ž . Ž .Ž .Ý Ý0 1 5 6 0 7 1 4 8 2
Ž .Ž Ž .. 	1  	1Ž . Ž .Ž Ž ..4 Ž .Then Ý h  h  a   Ý  h  h  a   h a.1 2 1 2
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Ž .Ž Ž .Ž .. Ž . Ž Ž .. 	1Ž .Similarly Ý h  h a Ý h  h   c  h c , where1 2 1 2 0 3 1
c  c    h a  	1  	1 h 	1 h a  h aŽ . Ž . Ž . Ž . Ž .Ž .  4Ž .Ý Ý0 1 4 5 6 0 7 1
 S h h aŽ .4 8 2
so that
 h  h aŽ . Ž . Ž .Ž .Ý 1 2
 	1 	1 	1  h  h  h  h a  h a  h aŽ . Ž . Ž . Ž . Ž . Ž .½ 5Ý 1 2 3 4 0 5 1 6 2
  h a.Ž .
Ž . Ž .ii Since   implies the existence of  Reg H, A satisfying
the conditions of Proposition 2.9, this statement is clear.
In general, it is not known whether A A implies that  .
3. CROSSED PRODUCTS
In this section, as an example, we study the twistings of the H-comodule
algebra A BH with   1  . Except for the usual assumptionA H
  Ž .that H has bijective antipode, H is arbitrary. By 1, Theorem 3.4 , T A ,
the set of twistings on A, can be identified with the set of crossed products
Ž Ž ..B H and U T A with those crossed products where  is invertible,
Ž . Ž .i.e., the cleft extensions. We will always assume that  1, h   h, 1 
Ž . h for all hH.
If B H is a crossed product then the corresponding twisting is given
by
 h b g  h  b  h , g  S h h g , 3.15Ž . Ž . Ž . Ž . Ž .Ž . Ý 2 3 1 1 4 2
Ž .and if  is a twisting of BH, then BH  B H where the weak
action from H B B and the cocycle  : HH B are defined by
h  b 1   h b 1 andŽ . Ž .Ž .
3.16Ž .
 h , g  1   h 1 g .Ž . Ž . Ž .Ž .
2 Ž .PROPOSITION 3.1. There is a bijection between the set Z H, BH oftw
2Ž .twisted cocycles from HH to A BH and Z H, B , the set of
Sweedler cocycles from HH to B with triial weak action. Inertible twisted
cocycles correspond to inertible Sweedler cocycles under this map.
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2 Ž . Ž . Ž .Proof. If  Z H, A , let   1    : HH Z B . Then ittw 
Ž .is easy to see that  is normal and satisfies 1.14 with trivial weak action.
2Ž .Conversely, let  Z H, B . Define    : HH BH by
Ž . Ž . Ž . Ž . h, g Ý h , g  S h h g S g . Since  is normal, we have2 2 1 3 3 1
Ž . Ž . Ž . h, 1   1, h   h  1. Also we have
  h , g   h , g  S h h g S g  S h h g S gŽ . Ž . Ž . Ž . Ž . Ž .Ž . ÝA 3 3 2 4 4 2 1 5 5 1
  h , g  S h h g S g ,Ž . Ž . Ž .Ý 2 2 1 3 3 1
Ž . Ž .so that Definition 2.3 i and ii hold.
Ž .Since  is associated with the trivial weak action, we have by 1.13 that
Ž . Ž . h, g  Z B for all h, gH. Then for b B, l, g, hH, we have
 g , l b l  g l , hŽ . Ž . Ž .Ý 1 2 1 2 3
  g , l  g l , h b S g g l h S h ,Ž . Ž . Ž . Ž .Ý 2 1 3 2 2 1 4 3 3 1
 g , l h b l  l , hŽ . Ž . Ž .Ý 3 2 1 2 1
  l , h  g , l h b S g g l h S h .Ž . Ž . Ž . Ž .Ý 1 2 2 2 3 1 3 3 4 1
Ž . Ž .These two expressions are equal by 1.14 , and Definition 2.3 iii is veri-
fied. Thus  : HH A is a twisted cocycle. It is straightforward to see
that    and    .  
Ž .Since     is the twisting associated with  , then by Proposition 
2.8 if  is invertible,  is an invertible twisting and thus  is an 
invertible Sweedler cocycle.
2Ž .Conversely suppose  Z H, B is invertible with trivial weak action.
Ž . Ž .We must show that   , defined by  h, g  Ý h , g  2 2
2Ž . Ž . Ž Ž .. Ž .S h h g S g , lies in U Z H, A ; i.e.,  : H H, A is convo-1 3 3 1 tw
Ž .lution invertible. We need a map : H   H, A such that
Ž . Ž .Ž . Ž . Ž .Ž . Ž . Ž .Ý h   h g  Ý h   h g   h  g for all h, g H.1 2 1 2
Ž . Ž . Ž . 	1Ž .Since B H is a cleft extension, then  g, h Ý g  h  g h 1 1 2 2
Ž . 	1Ž .and h  bÝ h b h where  : H B H is the convolution1 2 
Ž .invertible H-comodule map defined by  h  1 h. Note that
Ž 	1Ž .. 	1Ž . Ž . Ž .  h Ý h  S h . Now define  : H H, A byA 2 1
	1 	1 l m   l  l m  S l l m  S l l m S m .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ý 3 4 2 2 5 3 1 6 4 1
By the above observation, the first tensorand does indeed lie in B. Also
Ž . 	1Ž . Ž . h and  h lie in C B .A
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Ž .Then for h, gH, in  H, A ,
 h   h gŽ . Ž . Ž .Ž .Ý 1 2
  h S h h g  h , gŽ . Ž . Ž .Ý 1 2 4 2 3 1
	1 	1  h  h m  S h h m  S h h m S mŽ . Ž . Ž . Ž . Ž .Ž .Ý 3 4 2 2 5 3 1 6 4 1
 h , g where m S h h gŽ . Ž .8 1 7 9 2
	1 	1  h  h g  S h h gŽ . Ž . Ž .Ž .Ý 3 7 3 2 8 4
S h h g S g S h h  h , gŽ . Ž . Ž . Ž .1 9 5 2 6 4 5 1
 	1 h  h g 	1 S h h g  h  g 	1 h gŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ý 3 10 6 2 11 7 6 2 7 3
S h h g S g S h h S h h g S gŽ . Ž . Ž . Ž . Ž .1 12 8 5 9 4 5 8 4 1
 	1 h  h  g 	1 h g  h g 	1 S h h gŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ý 3 4 2 5 3 6 4 2 7 5
	1 S h h g S g since  h  g  h g  BŽ . Ž . Ž . Ž . Ž .1 8 6 1 4 2 5 3
	1  g  S h h g  S h h g S g   h  g  1.Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ý 2 2 3 3 1 4 4 1
Similarly,
 h   h gŽ . Ž . Ž .Ý 1 2
 	1 	1  h S h h g  h  h g  S h h gŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ý 1 2 9 5 5 6 2 4 7 3
S h h g S gŽ . Ž .3 8 4 1
  h  m 	1 h m 	1 h  h g 	1 S h h gŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ý 2 2 3 3 8 9 2 7 10 3
S h h m S m S h h g S g where m S h h gŽ . Ž . Ž . Ž . Ž .1 4 4 1 6 11 4 1 5 12 5
  h  S h h g 	1 h g 	1 hŽ . Ž . Ž . Ž .Ž .Ý 2 3 8 4 9 5 5
	1  h g  S h h g  S h h g S g .Ž . Ž . Ž . Ž .Ž .6 2 4 7 3 1 10 6 1
	1Ž . Ž . 	1Ž Ž . .Now use the fact that  h  h g  S h h g  B and then5 6 2 4 7 3
Ž . Ž .straightforward calculation yields that this expression is  h  g  1.
 Ž . Ž .  Ž .Now let  : T A Meas B, B be defined by   1  . ThenH
 Ž . Ž .  Ž . Ž is a map of pointed sets and clearly K  
 K     1   h
Ž .. Ž . 4 Ž . Ž . Ž .b 1   h b 1 . In fact K   K  . Suppose  K  , and let
Ž . Ž . Ž .BH  B H as in 3.15 and 3.16 . Then, for all b B, hH, we
Ž . Ž Ž .. Ž . Ž .have h  b  h b, and thus  h b 1 Ýb h , 1  S h h 2 1 3
Ž . Ž .b h  1 and  K  .
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Recall that an H-measuring 
 of B is called C-inner if B
 C as
Ž . Ž . 	1Ž . Ž .algebras and 
 h b Ýu h bu h  B for some uReg H, C .1 2
Ž .Let Inn Meas B, B denote the set of inner measurings of B which areH
C-inner for some extension C of B.
THEOREM 3.2. For A BH, there are exact sequences of pointed sets
 

21 Z H , A T A Meas B , BŽ . Ž . Ž .tw H
and
 

21U Z H , A U T A  Inn Meas B , B .Ž . Ž . Ž .Ž .Ž .tw H
Proof. First we note that  is injective. Suppose that for , 
2 Ž . Ž .Z H, A ,    . Applying both twistings to h 1 g , we obtaintw  
Ž .Ž . Ž .Ž . Ž .Ý h, g 1 g Ý h, g 1 g for all h, g, so that  h, g 2 1 2 1
Ž .Ž .Ž Ž .. Ž .Ž .Ž Ž .. Ž .Ý h, g 1  g 1  S g  Ý h, g 1  g 1  S g   h, g .3 2 1 3 2 1
The proof now follows from Proposition 3.1.
Finally, we note the correspondence between the equivalence relation
Ž . on T A of Definition 2.10 and the equivalence of crossed systems in
  Ž . Ž  .  4 . Recall that crossed systems ,  and  ,  are defined in 4 to be
Ž . Ž .equivalent if there exists  Reg H, B with inverse w such that  1  1,
and for all h, gH, b B,
h  b  h h  b w h , 3.17Ž . Ž . Ž . Ž .Ý 1 2 3
 h , g   h h   g  h , g w h g . 3.18Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ý 1 2 1 3 2 4 3
Ž .PROPOSITION 3.3. For A BH, and  ,  T A ,   if and only
Ž . Ž  .if the crossed systems ,  and  ,  corresponding to  and , respec-
tiely, are equialent in the sense of Doi.
Ž . Ž .Proof. Suppose first that   and let   1    Reg H, B .
Ž . Ž .Applying 1  to Proposition 2.9 iii with a B yields 3.17 . To obtain
Ž . Ž .3.18 , first note that by Proposition 2.9 iii , for h, gH, we have
 h 1 g   h  h  1 g  g 	1 h g .Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý 1 2 1 2 3 3
Applying 1  to both sides, we obtain
 h , g   h 1   h  1 g  g w h g .Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ý 1 2 1 2 3 3
Ž . Ž . ŽŽ . Ž .. Ž .Ž ŽBut Ý 1  g  g  g  Ý  1  g  g  Id   Ý 1 1 2 3 A 1 2 H
. Ž .. Ž . Ž . Ž .g  g , and applying Id  Id yields Ý g  g Ý 1 g  g ,1 2 1 2 1 2
Ž . Ž .so that by 3.15 , Eq. 3.18 holds.
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Ž . Ž  .Conversely, let ,  and  ,  be Doi-equivalent. Define  
Ž . Ž . Ž . Ž . Ž . Ž .Reg H, A by  h Ý h  S h h . Clearly i and ii of Proposition2 1 3
Ž .2.9 hold and we must verify iii . For a b g,
 h a  h b   h , g  S h h g by 3.15Ž . Ž . Ž . Ž . Ž .Ý 2 3 1 1 4 2
  h h  b h   g  h , g w h gŽ . Ž . Ž . Ž . Ž .Ž .Ý 2 3 4 1 5 2 6 3
 S h h g by 3.17 , 3.18Ž . Ž . Ž .1 7 4
  h h  b h   g  h , gŽ . Ž . Ž . Ž .Ž .Ý 1 3 4 1 5 2
S h h g 	1 h g .4Ž . Ž .2 6 3 7 4
Ž . Ž .Ž Ž . Ž . . Ž .Here Ýa  a Ý b g  g  S g g Ýb g  g , so now it0 1 1 3 2 4 1 2
	1Ž . Ž . Ž Ž .. Ž .follows easily that  h a Ý h  h  a  a  h a .1 2 0 1 3 2
Ž Ž ..COROLLARY 3.4. For A BH and  , U T A , then   if
and only if A A as algebras in M H.B
Proof. This follows directly from Proposition 2.9, Proposition 3.3, and
 4 .
4. TWISTINGS OF AN H-GALOIS OBJECT
In this section we study the set of H-Galois structures on a given
H-Galois extension AAco H. First we note that if  is an invertible
twisting, then if AAco H is H-Galois, so is AAco H. No flatness
or finiteness assumptions are needed for this argument. As usual, let
B Aco H.
Ž Ž ..PROPOSITION 4.1. Let A be an H-comodule algebra and let U T A .
Then AB is H-Galois if and only if AB is H-Galois.
Ž . Proof. Let : H End A be the convolution inverse to  . Denote by
can the canonical map from A A to AH, a bÝa  b a . B 0  1
We show that can is bijective if and only if can is.
Ž . Ž Ž ..Ž .Note first that f : AH AH, f a h Ý S h a  h is a1 2
	1 	1Ž . Ž Ž ..Ž .bijection with inverse f defined by f a h Ý S h a  h .1 2
Ž . Ž Ž ..Ž .Also g : A A A A defined by g a b Ý S a a  b isB B 1 0
	1 	1Ž . Ž Ž ..Ž .bijective with inverse g defined by g a b Ý S a a  b. To1 0
	1 Ž .check that g and g are inverses, use 1.6 .
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Now it is straightforward to check that the diagram
can 
A A AHB

g f
 can 
AHA AB
commutes, since
f can a b  f a  b aŽ .Ž . Ž .Ý 0  1
  S a a  b  aŽ . Ž .Ž .Ý 1 0  2
   S a a  S a a b  a by 1.3Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý 3 0 2 1 4
  S a a b aŽ . Ž .Ž .Ý 1 0 2
  can  S a a  b by 1.6Ž . Ž . Ž .Ž .Ýž /1 0
 can g a b .Ž .Ž .
 Thus can is a bijection if and only if can is.
Ž Ž .. COROLLARY 4.2. If AB is H-Galois and U L A then AB is
also H-Galois.
Proof. This follows immediately from Lemma 1.4 and the proposition.
 The next theorem is the left hand version of 8, Theorem 2.3 but we
provide most of the details for completeness.
ŽTHEOREM 4.3. Let A be a right H-comodule algebra with multiplication
. Ž .written as juxtaposition and suppose H is k-projectie. Let C A, , A
be the H-comodule A but with a different associatie multiplication .
Ž . Ž .Suppose there is an algebra map  :  H, C  H, A such that the
diagram
	
 C  Ž .H  H , C C



 e  Ž . H , AH A
Ž . Ž .commutes where 
 , 	 , e are as in 1.10  1.12 . Then there is a left twisting 
such that CA.
 Ž .  Ž .Proof. Define  : A H, A by   	 , so that  h a C
Ž Ž ..Ž . 	 a h . We check that  is a left hand twisting. For the normalityC
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Ž .conditions 1.1 , we note that from the commutativity of the diagram,
1  1 , andA C
 1 a   	 a 1  e	 a  a,Ž . Ž . Ž . Ž .Ž .C C
Ž .and since  is an algebra map,     , and so
 h 1   	 1 h    h   h .Ž . Ž . Ž . Ž . Ž . Ž .Ž .C
 Ž .  Also, in CH 
 H, C , we have that for all h H , a C,
  	 a 
 h  ah  1h  S a a Ž . Ž . Ž . Ž .Ž .ÝC C 1 0
 
 h  S a 	 a .Ž . Ž .Ž .Ý 1 C 0
Ž .Applying  to both sides, we obtain that in  H, A
 	 a  
 h  
 h  S a  	 a ,Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ž .ÝC C 1 C 0
and evaluating at hH, we have
  a h h h  h S a  a  h h  a  h .Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ý Ý1 2 1 0 2 1 0 21 0
Since this equality holds for all hH and H is projective, we have
 a h  h   a  h  S a  a  h h ,Ž . Ž . Ž . Ž .Ý Ý1 2 0 2 1 0 2 10 1
Ž .or equivalently, 1.4 ; i.e.,
  a h   a  h  a h S h .Ž . Ž . Ž .Ž . Ý 0 2 1 3 1
Ž . Ž .Also, we see that C, ,   A, ,  since for a, b C, we haveA  A
a  b   a  b 1    a    b 1Ž . Ž . Ž . Ž . Ž .Ž .
   a   b 1   b 1Ž . Ž . Ž . Ž . Ž .Ž .Ý 1 0
  b  a b  a b.Ž .Ý 1 0 
Ž .Ž . Ž Ž . Ž ..Ž . Ž . Ž .Now  a b h   a   b h in  H, A together with 1.4
Ž .implies 1.5 .
THEOREM 4.4. Suppose A and C are H-Galois objects, and A C as
objects in M H. Also suppose H is finitely generated projectie oer k. ThenB
CA for an inertible left twisting  .
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Proof. If A C as H-comodules, Aco H  C co H  B and so 1  1 .A C
Ž .  Ž .Since H is finitely generated projective,  H, A  AH and  H, C
  Ž . CH . Also since A and C are Galois, the map  : AH  End AA B
  Ž  . Ž  .Ž .is an algebra isomorphism by 9 or see 10, Chap. 8 where  ah bA
 Ž .Ýab h b . Similarly  is an algebra isomorphism and we claim that0 1 C
 	1 makes the diagram in Theorem 4.3 commute.A C
Ž  . Ž  .  Since  1h   1h for all h H , the left hand side of theA C
Ž .Ž . Ž 	1 .Ž .diagram commutes. Also, for a C, e	 a    aC A C
Ž . Ž . Ž  .  Ž .1 . Suppose  a   Ýbh . Then Ýb h 1  a, and the rightC A i i i i
hand side commutes also.
Thus by Theorem 4.3, CA for some left twisting  . Similarly AC
for a left twisting , and we claim that  is invertible with  the
 Ž Ž ..convolution inverse to  in Hom H, End A . For any a, b A, since
Ž .A A ,
ab  b  a  b   b   b  a bŽ . Ž .Ž .Ý Ý1  0 1 2 0
   b  b a b .Ž . Ž . Ž .Ž .Ý 1 2 0
For hH, since A is H-Galois, there exist b , c  A such that Ýb c i i i i0
b  1 h. Then for any a A,i1
  h  h a    b  b a b c  a b c  a h .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ý Ý Ý1 2 i i i i i i1 2 0
 Ž . Ž .Ž . Ž .Similarly Ý h  h a   h a, and so  is invertible.1 2
Now, for AB H-Galois and H finitely generated projective over k, the
Ž Ž ..above implies that there is a bijection between the set U L A of
Ž .invertible left twistings of A and the set Gal A of Galois objects CB
H Ž Ž ..  Ž .with C A in M , for  in U L A corresponds to A in Gal A . IfB
  Ž .  A A, then A  A where  is the convolution inverse to  , and then
the proof of Theorem 4.4. shows that  and   are convolution inverses;
i.e.,   . Thus we have:
Ž .THEOREM 4.5. For H finitely generated projectie oer k, the sets Gal A ,
Ž Ž .. Ž Ž ..U L A , and U T A are in bijectie correspondence. The twisting u
Ž .corresponds to A in Gal A .
2 Ž . Ž .Now we note that for any H, the map : Z H, A  K  , defined intw
Section 2, is injective if AAco H is H-Galois.
Remark 4.6. If A is H-Galois then  is injective. For if for all h, a
Ž . Ž . Ž .we have  h a Ý h, a a   h a and if 1 gÝa c  a , 1 0  i i i0 1
Ž . Ž . Ž . Ž .then  h, g Ý h, a a c Ý h, a a c   h, g , so that  .i i i i i i1 0 1 0
Here it is not necessary that H be finite.
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THEOREM 4.7. For AB H-Galois and H finitely generated projectie oer
k, there is an exact sequence of pointed sets
 21U Z H , A U T A Meas B , AŽ . Ž . Ž .Ž .Ž .tw H
and thus an exact sequence of pointed sets
1U Z 2 H , A  Gal A Meas B , A .Ž . Ž . Ž .Ž .tw H
 Ž .Proof. Since AB is H-Galois,  : AH  End A , defined byB
Ž  .Ž .  Ž . Ž . ah c Ýac h c , is an algebra isomorphism. Suppose  K  ;0 1
Ž . Ž .i.e.,  h  End A for all hH.B
Ž . 	1Ž Ž ..Ž . 	1Ž Ž ..Define  : HH A by  h, g    h g ; i.e., if   h 
h h Ž .Ž . h hŽ .Ýa f , so that  h a Ýa f a a , theni i i i 1 0
 h , g  ah f h g .Ž . Ž .Ý i i
Ž .Ž . Ž . h hŽ . Ž .Now   h a Ý h, a a Ýa f a a   h a and it re-1 0 i i 1 0
mains to show that  is an invertible cocycle. Proving normality is
Ž . h hŽ . Ž .Ž . Ž .straightforward, since  h, 1 Ýa f 1   h 1   h 1 , and sincei i A
1 1 Ž . Ž . Ž .Ýa f  1 , if 1 gÝc d  c ,  1, g Ý c c d   g 1 .i i j j j j j j A0 1 1 0
Ž . Ž . Ž .Now we check the coaction of H on  g, h . By 1.2 , since  h a 
h hŽ .Ýa f a a , we have for all a A,i i 1 0
ah f h a a  ah a  ah2 f h2 a a  S h h a .Ž . Ž . Ž .Ý Ýi i 2 0 i 1 i i 1 0 1 3 20 1
Now suppose 1 gÝc d  c . Then by the equation above,j j j0 1
ah f h c c d  ah c  ah2 f h2 c c d  S h h c ,Ž . Ž . Ž .Ý Ýi i j j j i j i i j j j 1 3 j0 2 0 1 1 1 0 2
so that
h h h h h2 2a f g  a  a f g  S h h g S g ,Ž . Ž . Ž . Ž .Ý Ýi i i i i 2 1 3 3 10 1
in other words,
  h , g   h , g  S h h g S g .Ž . Ž . Ž . Ž .Ž . Ý 2 2 1 3 3 1
Ž . Ž . Ž .Now we must verify 2.3 iii . From 1.3 , since  a b Ýa  b  a b , 0  0 1 1
we have
ah f h a b a  b  ah1 f h1 a a ah2 a2 f h2 a2 b b ;Ž . Ž . Ž . Ž .Ž . Ž .Ý Ýi i 1 1 0  0 i i 1 0 j j 1 0
i.e.,
ah f h a b a aa1 f a1 b b  ah1 f h1 a a ah2 a2 f h2 a2 b b .Ž . Ž . Ž . Ž .Ý Ýi i 2 2 0 j j 1 0 i i 1 0 j j 1 0
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Suppose 1 gÝb c  b . Then, as in previous computations,k k k0 1
ah f h a g a aa1 f a1 g  ah1 f h1 a a ah2 a2 f h2 a2 g ;Ž . Ž . Ž . Ž .Ý Ýi i 2 2 0 j j 1 i i 1 0 j j
i.e.,
 h , a g a  a , g   h , a a  h a , g .Ž . Ž . Ž . Ž .Ý Ý2 2 0 1 1 1 1 0 2 2
 Ž .Finally, we show that  is invertible, i.e., that  : H H, A ,
Ž .Ž . Ž .  h g   h, g , is convolution invertible. Let  be the convolution
 Ž Ž .. Ž .inverse to  in Hom H, End A and let : H A A be  h a
Ž .Ž . Ž . Ž .Ž Ž .Ž ..  h a . Then, for b  B, since  h b  Ý h  h b 1 2
Ž . Ž . Ž .Ž .Ý h  h b  h b , we have that  restricted to H B is the1 2
 Ž .identity twisting. The map  is a twisting, not of A, but of A , so that 1.3
holds for  in the algebra A. Then for a A, b B, hH,
   h ab   h a b since  is the identity twistingŽ . Ž . Ž . Ž . HB
  h a   h a b by 1.3 for  and AŽ . Ž . Ž . Ž . Ž .Ý 1 0  2 1
  h a  b  h a b ,Ž . Ž . Ž . Ž .Ý 
Ž . Ž . Ž .so that  h  End A for all hH. Define  : HH A by  h, gB
	1Ž Ž ..Ž . Ž Ž . Ž ..Ž .   h g . We are required to show that Ý  h   h g 1 2
Ž Ž . Ž ..Ž . Ž . Ž . 	1Ž Ž ..Ý  h   h g   h  g for all h, g. If we denote   h 1 2
Ýbhl h  AH , thenk k
     h   h g   h  h g g  h gŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ý Ý1 2 1 2 2 1 2 21 0
  h bh2 g bh2 l h2 gŽ . Ž .Ý Ž .1 i 1 i i 21 0
 ah1 f h1 bh2 g bh2 l h2 gŽ .Ý Ž .j j i 1 i i 21 0
 ah1 bh2 f h1 bh2 l h2 gŽ .Ž .Ý Ž .ž /j i j i i0 1
 ah1f h1 bh2l h2 gŽ .Ž .Ž .Ý j j i i
 	1   h 	1  h gŽ . Ž . Ž .Ž . Ž .Ý 1 2
  h  g   h  g .Ž . Ž . Ž . Ž .Ž .
Ž Ž . Ž ..Ž . Ž . Ž . Ž Ž 2 Ž ...Similarly Ý  h   h g   h  g . Thus  U Z H, A 1 2 tw
Ž .K  , and the sequence is exact.
Ž . co H Ž .EXAMPLE 4.8. i Suppose A  B k so that by Lemma 2.2, K 
Ž . T A . If H is finitely generated projective over k and Ak is H-Galois,
Ž 2 Ž .. Ž Ž ..then  is a bijection of pointed sets from U Z H, A to U T A .tw
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Ž . Ž . Ž .ii If B k and A is commutative, then by Remark 2.4 iii , Gal A
is in bijective correspondence with the set of invertible Sweedler cocycles
Ž 2Ž .. Ž .U Z H, A with trivial weak action which satisfy 2.3 ii .
Ž . Ž 2Ž ..iii If, as well, H is cocommutative, then U Z H, A is an abelian
Ž Ž .. Ž Ž .. Ž .group under convolution and so U T A , U L A , and Gal A have
Ž 2Ž ..induced abelian group structures also. Suppose , U Z H, A . Then
    h a   h  h , a a   h , a  h , a aŽ . Ž . Ž . Ž . Ž . Ž .Ý Ý   1 2 1 0 1 1 2 2 0
   h aŽ . Ž . 
Ž Ž .. Ž . Ž . Žand so twistings in U T A multiply by   h a Ý h , a  h ,  1 1 2
. Ž .   a a . Then in Gal A , AA  A . Here A acts as the identity2 0
element and the inverse to A is A
	1
.
Finally, we show that for AB Galois, the equivalence classes of
Ž Ž ..twistings in U T A correspond to the isomorphism classes of twisted
algebras A. Here no finiteness restriction is imposed on H but if H is
not finitely generated projective then we have not proved that every Galois
Ž . H-object C A, ,  is A for some  .A
Ž .THEOREM 4.9. Suppose AB is H-Galois,  ,  T A , and there is a
left B-module right H-comodule algebra homomorphism  from A to A.
Then there is a map  : H A satisfying the conditions of Proposition 2.9. If
Ž . is an isomorphism, then  Reg H, A .
  	1Ž .Proof. We imitate the notation of 11 and denote can 1 h by
Ž . Ž . Ž . Ž . Ž .Ýl h  r h  A A, so that 1 hÝl h r h  r h . Note thati B i B i i 0 i 1
juxtaposition denotes multiplication in A and  , denote multiplication 
in A and A, respectively. For hH, define
 h  l h  r h .Ž . Ž . Ž .Ž .Ý i i
Since  is a left B-module map  : H A is well defined, and clearly
Ž . 1  1 .H A
 For a A, from 11 or by just applying can to both sides of this
equation, we see that
a l a  r a  1 a A A.Ž . Ž .Ý 0 i 1 B i 1 B B
Thus
a  a  a l a  r a   a .Ž . Ž . Ž . Ž .Ž .Ý Ý0 1 0 i 1 i 1
Ž .Since  is an H-comodule map, for all a A, we have Ý a  a 0 1
Ž . Ž . Ž . Ž . Ž .Ý a   a and thus Ýa  a  a Ýa  a  a  a . Then,0 1 0 1 2 0 2 0 1 2 1
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using the standard argument since can is an isomorphism, we have that
 h  h   h  h  h .Ž . Ž . Ž .Ý Ý1 2 2 1 20 1
Ž .Condition ii of Proposition 2.9 follows immediately, and it remains to
Ž .check condition iii . For b, c A, since  is an algebra map, we have
Ž . Ž . Ž . b c   b   c which yields 
b  b  c  b c  b  b  b  c  c .Ž . Ž . Ž . Ž .Ž .Ý Ý0 1 0 2 1 0 1 2 0 1
 Ž .Once again using the bijectivity of can , we obtain iii .
Now suppose that  is an isomorphism so that 	1 is a left B-module
right H-comodule algebra map from A to A. Then there is a map w:
Ž . Ž . Ž . 	1Ž .H A satisfying i , ii , and iii of Proposition 2.9 such that  a 
Ž .Ýa w a for all a A. Then for all a A we have that a0 1
Ž . Ž . Ž . Ž .Ýa  a w a Ýa w a  a and, again using the fact that A is Ga-0 1 2 0 1 2
lois, we see that w and  are convolution inverses.
EXAMPLE 4.10. Suppose H is cocommutative and Ak is a commuta-
tive Galois H-object. Then it is easy to see that cocycles  and  are
Ž .cohomologous; i.e., there is uReg H, A such that for all h, gH,
 h , g  u h u g  h , g u	1 h g ,Ž . Ž . Ž . Ž . Ž .Ý 1 1 2 2 3 3
if and only if    . Then the group of isomorphism classes of algebras 
Ž .in Gal A is isomorphic to the second Sweedler cohomology group
2Ž .H H, B .
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